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1. INTRODUCTION 
All rings in this paper will have unit element and all (left or right) modules 
and all homomorphisms will be unitary. Let A be a ring and let &/A be the 
category of rings “over”A. Let us recall that the objects of &/A are pairs (B,f), 
consisting of a ring 3 and a ring homomorphism B 5 A, and that a morphism 
between (B, f) and (B’, f’) in l?/A is a ring homomorphism B 5 B’ such that 
the diagram 
B m -+B’ 
A 
is commutative. 
Let (B, f) be an object of &/A. A natural problem is that of finding precise 
and explicit relations between the homological properties of B, A and f, but 
of course this is a very complicated affair in general. However, there are 
interesting special objects in l?/A, the group objects, i.e., those objects that 
are of the form (A x M, Z-). Here M b any (A, A)-bimodule, A x M is the 
set A x M equipped with the natural addition and the multiplication 
(a, m) . (a’, m’) = (au’, am’ + ma’). 
These operations make A x M into a ring and = is the natural ring map 
A x M--t A (projection on the first factor). For more details we refer the 
reader to Section 2. We will also say that A x M is the trivial extension of 
the ring A by M. 
For these group objects we will obtain almost a complete solution of our 
problem. Great technical problems arise however and there is no point of 
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trying to summarize all the results here. Let us just mention two quite 
different cases. 
(I) Suppose that A x M is a commutative ring. Rings of this type 
have been studied by Nagata in [Ill-this is his “principle of idealization.” 
Then the global homological dimension of A x M is <a if 2nd only if 
M”(Hom,(P,(M) @P @A u, I”(V))) = 0, for p+p==n+l. U? 
ere P,(M) is any projective (or flat) resolution of the A+zoduL 144 (recall 
that A x M is commutative if and only if A is so and the left and right 
A-module structures on the (A, A)-bimodule M co&cide) and I*(V) is any 
injective resolution of V. The groups (1) are exactly the qth derived fdnctors 
in the sense of Cartan-Eilenberg [I.!] of the (nonbalanced!) fimctor in p - 1 
A-module variables: 
at (M,..., iv& V). 
(2) Let R and S be rings and let M be an (R, S)-bimodule. Let (t ,“) 
be the set of triples (or y) [Y E I?, s E S, m E M] with the natural addition and 
the multiplication: 
With these operations A = (s s) R M becomes a ring (“a generalized triangular 
matrix ring”) which has been studied by Chase [3] and others. Rings of this 
type (and even more general rings) also come up in the theory of extensions 
of Grothendieck categories (cf. Section 10 and [17]-[19]). Let us also recall 
that the examples of Small [20, 211 f . g 0 rm s whose left and right global 
dimensions differ are exactly of the form A. Chase [3] has determined the 
left global homological dimension of A (denoted by lgldim A) in terms of I?: 
(S) and M, when R is semi-primary and S semi-simple and he suggested 
that the general problem (R and S arbitrary) was difficult. However, this 
problem is completely solved in Section 8 by interpreting 4 as a special 
trivial extension ring A x M (A = R x S) and by specializing the theory 
of Ext,,, of Sections 6 and 8 suitably (cf. Theorem 5). The solution given 
also permits us to solve and to generalize a problem of Reiten (16] about the 
global homological dimensions of these triangular matrix rings. 
Fossum, Griffith, and Reiten [6] have made a study of trivial extensions of 
categories. In 1131 we generalized some of their results for the case of modules 
over a ring. Later we received the thesis of Reiten [Is], which completes [6] 
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on several points and which is closely related to [13]. The present paper 
contains our previous note [13], but it is much more complete and general. 
The difference between our present paper and [6, 161 is that we are able to 
give precise formulae for the global dimensions of the rings A x M, whereas, 
[6, 161 (which however also treat other subjects, e.g. Gorenstein rings and 
Auslander’s representation dimension) are mostly concerned with estimates 
(inequalities). More details will be given below. We should also remark that, 
as Reiten in [ 161, we have restricted ourselves here for simplicity to the case 
of module categories. 
Finally we wish to thank Bo Stenstriim for his comments and for his kind 
interest in this paper. 
2. GROUP OBJECTS IN THE CATEGORY OF RINGS OVER A GIVEN RING A 
AND TRIVIAL EXTENSIONS A x M OF A 
Quillen has noted 1115, p. 701 (cf. also [14]), that the notions of H-object, 
monoid object, group object and Abelian group object all coincide in the 
category R/A; they coincide with the trivial extensions of A. Indeed, let 
(A x M, r) be the trivial extension of A by the (A, A)-bimodule M, defined 
in Section 1. We have a natural isomorphism 
Hom&tB,f), (A x n/r, 4) % DerWf), M>, 
where Der((B,f), M)is the set of (B,f)-derivations of the (A, A)-bimodule M, 
i.e., the set of all those morphisms of Abelian groups B -% M such that 
Clearly Der((B, f), M) is in a natural way an Abelian group and a morphism 
(B, f) + (B’, f ‘) in &/A induces an additive map 
Der((B’, f ‘), M) - Der((B, f ), M). 
Thus, (2) shows that (A x M, r) is an Abelian group object in It/A. Con- 
versely, let (C,g) be any H-object in B/A, i.e., an object equipped with an 
operation, having a two-sided identity. 
In more detail, let (C xA C, g) be the product object of (C, g) with itself in 
l?/A (C xA C is the subring of C x C consisting of all pairs (c, c’) such that 
g(c) = g(c) and g is the natural ring map from C xA C to A, defined by 
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means ofg). We suppose that we are given a morphism (C xA C, g) -% (C, gj 
and a morphism (A, Id) 4 (C, g) in R/A such that if only g(c) = a; then 
for all a E A, c E C. Now put M = Ker(C-2 A) and define an (A, A)- 
bimodule structure on M by means of e. It is easy to see that we have a natwal 
morphism in &IA 
defined by (a, m) H c(u) + fn and that this morphism is an isomorphism 
(use W). 
3. h/IODULES OVER A X hf AND STANDARD 'COMPLEXES OF 
A-MODULES ASSOCIATED TO THEM 
Let U be a left module over the ring A x M, i.e., let there be given a 
bilinear map (A x n/l) x U -%. U satisfying the usual identities. In view of 
the definition of the multiplication in A x M, we see that 9 defines in 
particular a left A-module structure on 0’ and a Left A-linear map 
M 6.~~ LiL hi such that 
i.e., j(14rYM BAf) = 0. Conversely, given a pair (U,(), consisting of a left 
A-module U and a left A-linear map M ox U 2 U satisfying (4), it is easy 
to construct in a natural way a left A x M-module structure on U. These 
two constructions are inverse to each other, and the left A x J&-module 
homomorphisms between the left A x M-modules (hi, Jf) and (V, g) are 
exactly those morphisms of left A-modules U % V such that the diagram 
is commutative. 
We wish to interpret Hom,,,(( U, f), (V, g)) as the cohomology grou@ 
of a certain complex. Let (Mf U), be the complex in Mod(A) defined by 
(Mfu)n =M@,M@,~~~@,M@, U=!w~@, u 
(.M is taken n times) 
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with the differential 
In this way we get a complex 
whose differential will be denoted by d’. 
On the other hand, in view of the well-known adjointness relation 
HomA@ OA U, V 3 Hom,( U, Horn&W, V)), (5) 
wee see (taking U = V) that an A x M-module (V, g) can also be interpreted 
as a pair [V, 81, consisting of an A-module V and an A-linear map 
V -% Hom,(M, V) (6) 
such that Hom,(M, g”)g” = 0. The complex (analogous to (MfU),) con- 
structed from (6) by an iterated application of HomA(M, .) will be denoted by 
[Mg”V]* and thus we have a complex 
Hom,( U, [M,V]*). 
On the other hand, the adjunction formula (5) (applied to Man ...) gives a 
canonical isomorphism of complexes, stripped of their differentials 
Hom,((MfU), , V) 3” Hom,(U, [Mg”V]*). 
Thus, the differential on the right side of (7) g ives a differential on the left 
side of (7). This differential will be denoted by d” and it clearly commutes 
with d’. Clearly d” can be easily changed into a d” that anticommutes with d’ 
and then d = d’ + d” is a differential on Hom,((MfU)* , I’), and it is not 
difficult to see that for this new differential 
~“(HomA((WU)* , v) 3 HomAxd(Ujf 1, Kg>). (8) 
It seems quite possible that (8) can be taken as the starting point for a general 
structure theory for the 
Ex&A(U,f ), (K d). (9) 
The methods of this paper give very complete results about (9) for those 
cases when either f = 0 or g = 0 (in these cases either d’ = 0 or d” = 0). 
These results are completely sufficient for the homological dimension theory 
and they also give information about the general (9), in view of the following 
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easy observation (cf. Reiten [16]), combined with the exact sequence of 
~xt.4,fd in the first and second variable. 
LEMMA 1. Let (U, f) be an object in Mod(A x IV). 7%~ the ~a~~~~~ 
sequence 
--j (Im f, 0) -+ (U, f) + (Cokerj> 0) + 0 
is exact in Mod(A X &f). 
4. PROJECTIVE, INJECTIVE, AND FLAT h'lomzas OVER A x n/d 
The parts (i) and (ii) of the following proposition are due to Fossum, 
Griffith, and Reiten [6, 161, and (iii) is a rather easy consequence of them. 
PROPOSITION 1. Let (U, f) be a left A x M-modzlle. Then 
(i) ( U, f) is projective ;f and only if the sequence: 
M@,M@, UsM@k UL u Pi 
is exact and Cokerf is a projective A-module. 
(ii) (U, f) is injective if and only iJ the sequence (“dual” to (9)): 
U -‘- Hom,(M, U) W Hom,(M, Hom,(M, hi)) 
is exact, and Kerf is an injective A-module. 
(iii) f U, f) is jhzt if and only if the sequence (9) is exact and Gokerf is a 
flat A-module. 
Proof of (i). Suppose that the left A x M-module (U, f) is projectz& 
Then it is a direct factor of a free left A x IU-module, i.e., there exists an 
A-epimorphism p: uI (A x M) ---f U and an A-homomorphism 
SUCK that pt = Id, and such that the diagrams (we use either all the 
morphisms t or all the morphisms 1) 
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are commutative. Here M @A J& (A x M) + u, (A x M) is determined 
by the natural homomorphism M @A (A x M) -+ A x M which is the 
isomorphism M aA A q M on M BA A and which is zero on M @A M. 
The morphisms q and s are induced by p and t. Thus, qs = IdCoker f, i.e., 
Cokerf is projective. The upper row of (11) is exact, and easy diagram chasing 
shows that the lower row is exact. 
Conversely, if (U, f) is an A x M-module with Cokerf A-projective and 
(9) exact, we easily get a natural isomorphism of left A-modules 
U % (M @A Cokerf) JJ Cokerf. w 
However, the right member of (12) can be given a structure of a left (A x M)- 
module by 
f. : M BA ((M @A Cokerf) JJ Cokerf) + (M @A Cokerf) JJ Cokerf 
which is 0 on M @JA M aA Coker f and the identity on M aA Coker f. Now 
we easily get from (12) an isomorphism of left (A x M)-modules: 
(u,f) 3 (CM OA Cokerf) L.I Cokerf,f,). 
This last A x M-module is projective: 
LEMMA 2. Let P be any A-module, and dejine ((M BA P) IJ P, fO) as above. 
The natural map 
is an Gomorphism. 
Proof. An exercise for the reader. 
Remark 1. Note that ((M BA P) u P, fo) is exactly the left A x M- 
module (A x M) @A P. 
In a similar way it is seen that each left A x M-module of the form 
Hom,(A x M, I), where I is an injective left A-module, is injective, and that 
all left injective A x M-modules are of this form. This shows (ii) of 
Proposition 1. The assertion (iii) follows from (ii) (for sight A x M-modules, 
cf. Section 9) and the general fact that a left R-module (R any ring) N is flat 
if and only if the right R-module Hom,(. N, Q/Z) is injective. 
5. RESOLUTIONS IN MoD(A x M) 
Now that we know the structure of the projective, injective (and flat) 
modules in Mod(A x M), it is easy to construct the corresponding resolutions 
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of A x M-modules. These resolutions will be used in Section 6 and in 
Sections 8 and 9 for calculating the Ext and the Tor over A x iK 
In view of the results of the preceding section, a projective resolution of a 
left A x M-module (U, f) is constructed as foollows: Take an exact sequence 
PO -% Cokerf --f 0 of A-modules, where PO is A-projective, and factorize % 
as PO z U + Coker f. Consider the left A-module &LO = (iW @;a P,,) 
This module is mapped onto U (this is easily checked!) by the map p = 
$f”; ;A,,, ~1~ W e d f e ine a natural map M BA KO -J% KG as in Section 4. 
e rara 
j-0 M @* K, - KG 
IdMOP 
1 
is then commutative (follows from f(Id,, gAf j == O), and, thus, 
(K,>foj+(U>fj-+ (I”e) 
is the first step of a projective resolution of f U, f). Now let E, be the kernel of 
p and consider the natural map M BA L, -%-LO that is induced byjO in (13). 
We now have a commutative diagram with exact rows and colums: 
0 
_ 1 
M @A L, L L, -+ Cokerf, --+ 0 
! 1 1 
M @A I& -fs K,, - PO -40 
1 I I 
IdMO1, 
c Y 
f 
M@,U-+ U- Cokerf ---d 0 
1 1 I 
0 0 
and, thus, (14) can be continued into an exact sequence in lUod(A x M) 
0 - (L, ,&I) - (f& ,foj - (~>fj - 0. (16: 
We now repeat our previous construction with (U, f) replaced by (L, ,&j 
i.e., we write Cokerf,, as a quotient of a projective A-module PI , we lift thi: 
map Pr - Cokerf, to Pl + L, and construct Kr = (M @A PI) 
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is mapped onto L, in the natural way. Continuing in this manner we get a 
projective resolution (K, , f.J + (U, f) --, 0 of (U, f), which is built up by 
an acyclic complex K, over U and a nonacyclic (!) complex P, over Cokerf, 
consisting ofprojective A-modules (note that the sequence PI -+ P,, -+ Cokerf 
is exact, but since the map Cokerf, -+ P, in (15) is not in general injective, 
there is no reason to expect that Pz -+ PI + P, should be an exact sequence). 
Moreover, the diagram 
MGJ~K.+K,-+P,-O 
1 1 1 
M&JIJflJ ---+ Cokerf ----+ 0 
(17) 
is commutative, and the horizontal sequences are exact. Furthermore, we 
have an exact sequence of complexes 
which is a split sequence when we forget the dzgmentials (following the termi- 
nology of Verdier [22] we say that (18) is a semi-split exact sequence of 
complexes). 
Since (18) is semi-split, it is clear that if we tensor (18) with M, we get a 
new semi-split exact sequence of complexes 
and from the construction of (K, ,f.+) it follows that M @A K, -% K, is 
the composition of the maps M BA K, -+ M QA P, and M @A P, + K, , 
taken from (19) and (18) respectively. 
Let us return to (18)! Since this sequence is semi-split, the differential of 
K, must be of the matrix form (corresponding to the direct decomposition 
Kt = Pn LI W’ @A PnN 
( dn(P,) 
0 
9% Id, @A W'd 1 
where d,(P,) is the differential of P, and where P, s M @A Pnel are maps 
that commute with the differentials in T(P,) and M aA P, , i.e., 
dn(Wd) = Ww @A d,P,)) vn+l . 
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Here T(P,) is the “desuspended” complex of P, , defined by T(P& = Pe;1 
and dJT(P.+)) = -c&+~(P*). Furthermore, the complex K, is nothing eke 
than the mapping cone [2,4,9,22-241 constructed by means of 9, . This yX 
will now first be used for giving a new description of the complex 
whose cohomology groups are by definition the Extz.J( 6;: f ), (V, g)), 
According to the Lemma 2 of Section 4 we have a natural isomorphism 
The proof of this Iemma follows easily from the preceding theory. 
COROLLARY. The natural map (g = O!) 
Hom,,&(K, , f*>, (K ON - Hom.#* j V> 
(where Hom,(P, , V) is given the dzjfeerential induced from that oj P,) is an 
ison~oyp~~sm of complexes, anit so we haue in paYtic&i~ a natural isarn~~p~~s~~ 
Ext&&(U,f), (V, 0)) % N”(Hom,(P, ) V)). (22) 
Indeed, if g = 0, then the second differential in (21) is zero. 
Remark 1. The corollary in [13, p. 10281 should be replaced by the 
preceding corollary and accordingly we should put g = 0 in [13, pi 1028, 
line 4 fi]* Fortunately this does not affect the results of [13] about the homo- 
logical dimensions, since it is sufficient for this purpose to study the 
Ext2XM((U,f), (V, 0)) and even the ExtzXM((U, 0), (V, 0)) (cf. Section 3, 
Lemma I). More details will follow in Sections 6, 8, and 9. 
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6. DETERMINATION OF THE EXT IN MoD(A x M) 
We will now give a more detailed analysis of the formula (22) of Section 5. 
Let I*(V) be an injective resolution of V, and consider the natural map of 
double complexes 
Hom,(P, , V) --ir Hom,(P, , I*(V)). (23) 
This map clearly induces an isomorphism of the cohomology groups of the 
corresponding simple complexes (each P, is projective) and combining this 
isomorphism with (22) we obtain a natural isomorphism 
JWkd(~,f), (K 0)) - H”(HomA(P* , I (V)). (24) 
We analyzed this formula (24) in [13, p. 10281 by replacing P, by the reso- 
lution by complexes obtained from combining the exact sequences (18) and 
(19) with the corresponding semi-split exact sequences obtained from (18) by 
tensoring with the M@’ = M BA ... (Y& M (n times) for n > 2. This analysis 
gave in particular the solution of the Chase problem mentioned in the 
introduction, and it also gave (among other things) a complete determination 
of the global dimension of A x M when M is right A-jhzt (cf. [13, Corollary 2, 
p. 10291). However, in the present paper we wish to obtain what almost 
amounts to a complete solution of our problem and this obliges us (and the 
reader ?) to go through the technical complications that follow. The reader is 
advised first to glance through the simpler case studied in [13] and then to 
continue his study here. Our main difficulty is that the functor M gA--is 
often far from being exact (i.e., M is far from being right A-flat). In the 
case of the Chase problem we have 
Tor/(M, M) = 0, i>O (25) 
(cf. Section 8), and although M is not necessarily right A-flat in this case, (25) 
is quite sufficient for the application of the methods of [13]. Now in the 
general case we are obliged to replace M by a resolution of (A, A)-bimodules 
Q,(M) + M-t 0. If we can choose such a resolution so that the Qi(M) are 
all right A-flat, then, as we will see, the global dimension of A x M can be 
determined completely. But there aye rings A (even commutative rings!) 
having (A, A)-bimodules M that have no resolution of the type mentioned 
(a closer study of this point will be taken up in Section 7), and, thus, we will 
have to stick to different kinds of resolutions Q,(M) in these cases. Exactly 
what is needed in the completely general case is not yet clear. For the 
moment we just take any resolution 
Q,(M)+-M-0 (26) 
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of M by bimodules &(M) an d we will go on with a theory that is essentially 
the same as that in [13, p. 1028-291, the only difference being that we must 
try to replace M by Q.+.(M) everywhere. This leads us to the study of double 
(triple,...) complexes. For any double complex S,, we wil! denote by s S,, 
the associated single complex. Consider now the diagram 
s Q*P4 @A p* $a 
1 P* 1) (2-q 
O-MaAP* +K,-4-P,---to 
where the lower exact sequence is that of (18) and where the left vertical map 
is the natural one that is obtained from (26) by tensoring it with I’.+ and 
takmg the associated single complex. Clearly p, induces an isomorphism of 
the corresponding homology groups. We now wish to complete (27) into a 
commutative diagram of exact (semi-split) sequences of complexes 
0 4 
s 
Q*(M) @A P, -----t R, +P,-+o 
/ 
/ P- i 
ji 
Y I! 
0 -+ M g/j P, --4 K, -4 P, -4 0 
such that for each n: 
and such that the maps of the first horizontal sequence of (28) are the naturai 
ones. We have already remarked in Section 5 that the K, in (28) is the mapping 
cone of a suitable map of complexes 
T(P*) “, M gA P, . (30) 
In the same way it follows from (29) that the I??, (if it exists) will be the 
mapping cone of a suitable map of complexes T(P*) + ~Cp,(IkT) @.4 P, ~ In 
view of the general theory of mapping cones [cf. e.g., [2], p. 73, exercises 3 
and 41, the possibility of completing (27) into (28) is equivalent to the 
possibility of “lifting” the map of complexes T(P,) % AT BA P, into a map 
of complexes T(P,) % J&(M) aA P, such that the diagram 
(31) 
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is commutative up to homotopy, i.e.,p,+, ci v* (where N denotes homotopy 
of maps of chain complexes [2]). It can even be proved (cf. Zoc. cit. p. 73) that 
each homotopy s: p&5, N v* uniquely determines a map K* + K, , making 
(28) into a commutative diagram of chain complexes and vice versa. 
To prove that a “lifting” exists, we consider the diagram of complexes 
obtained by taking the pullback of p, and v* in each dimension, i.e., L, is 
inserted in an exact sequence of complexes 
0 
O-L,- T(P,) x 1 Q*(M) @A P, p,-% M gA P, - 0 (33) 
i 
0 
and I, and K, are the natural maps induced from (33). Since the H,(p,): s are 
isomorphisms, it follows easily from (33) that the H,(Z,): s are isomorphisms 
too (the vertical exact sequence of (33) is split). 
We now use the following general lemma. 
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LEMMA 4. Let C be an Abelian category and let I, : L, -+ T(P,) be a 
morphism of complexes (of arbitrary degree) in C, Assume that: 
(i) I, induces an isomorphism of the homology groups, 
(ii) each Pi is a projective object, 
(iii) the P, : s aye bounded below (i.e., Pj = Sforj < 0). 
Theaz there exists a map of complexes n, : T(P,) 4 L, such that l,n, rv Id. 
Proof. This lemma is well-known. Indeed, the dual lemma (projective 
replaced by injective) is stated and proved in detail by Hartshorne [7, pp. 
41-421. Reversing arrows we now obtain Lemma 4 (cf. also ;4] for a more 
general theory). 
Xow it is easy to see that the factorization (31) exists (up to homotopy). 
We take as @, the map k,n, (where k, is defined by (32)). Then p@, = 
p,k,s., =g?&a* czp?*, since (32) is commutative and l*n* N Id. 
Thus, we have a commutative diagram of complexes (28). Now apply the 
homology functor to (28). The five-lemma implies that all the morphisms 
H,(R,) + H,(K,) are isomorphisms for i 3 0. Thus R, is also a complex 
that is acyclic and augmented towards ET. Now let us tensor the diagram 
(28) with&(M) (soon we will take the associated simple complex everywhere). 
Since the horizontal exact sequences of complexes (28) are semi-split, vve get 
a commutative diagram of semi-split exact sequences of double complexes 
Let us now take the associated simple complexes in (34) and let us use the 
fact that j”Q,(M> OA (fQ*(M> OA P*> is th e simple complex associated to 
the triple complex Q*(M) ga Q,(M) @A P, . We will denote this simple 
complex by f!GdW OA QdJ4 OA P* ( an similarly for the simple com- d 
plexes associated to quadruple complexes, etc.). In this manner we obtain 
from (34) a commutative diagram of semi-split exact sequences of simple 
complexes 
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Combining the right part of (35) with the left part of (28) we get a com- 
mutative diagram 
1 Q*(M) @A K* -- j Q*(M) @A p, - R* 
I !I 
j Q,(M) @A K, -+ /Q&W @A P, 
I 
I 
j. I 
M BA K, ------+ M @A P,- K, 
(36) 
which clearly can be completed with the dotted arrows. Combining (36) and 
(17) we finally get a commutative diagram 
s Q,(M) @A R, ----+ R, 
1 I (37) 
M@AU,U 
where I?, + U is a resolution of U, and where the left vertical map is the 
natural one. We also get from (35) and (28) an exact sequence of complexes 
s Q*(M)@AI?-*+I?*+P*+O (38) 
which clearly is semi-split (split in each degree). 
The construction leading to (35), (37), and (38) can now be iterated. We 
tensor (35) with the complex Q*(M) and we take the associated simple 
complexes, etc. In this manner we obtain a sequence of complexes 
ir,, = R, ) 
I?,, = 
s 
Q!,(M) @A R, ,..., Km* = 
s 
Q,(M) @A %I*, n >, 1, 
and maps of complexes &, Pn* z+r.+ such that the sequence (gener- 
alizing (38)) 
-*. ---t En, - pvz-1* pa* En--l*-.-+lzO*‘P*-o (39) 
is exact and split in each degree. Note in particular that the map $& %l?+,, 
is just J%~*w OA hl* (n 2 5-9. 
Thus, we obtain in a natural way a double complex R,, and from the 
exactness of (39) it follows easily that 
fWHomA(Py, ,I*( J9 - Hn(HOm,(&, , I*(v))), (40) 
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where we ts the right take the cohomology of the simple complex associate 
to the triple complex Hom,(R,, , I*(V)) (in what follows we will often omit 
the sign s when the context is clear). Combining (40) with (24) we finally 
obtain the basic formula 
Xow we calculate one of the spectral sequences associated to the double 
complex, which is formed from the triple complex .%4@-* *, I*( VI> bY 
taking the associated simple complex corresponding to the last two indices, 
More precisely, we consider the filtration 
on Hom,(R** ) I*(V)). By the general theory of spectral sequences [2] we 
have a first quadrant spectral sequence (E,n4, dF> converging to 
ET = H’+4(HomA(&,* , I*(V)), 
or equivalently: ET is the qth cohomology group of the simple complex 
associated to the double complex Hom,(Kg, ,1*(Y)). Since 
( p complexes Q*(M)) 
it also follows that E,pP is the qth cohomology group of the simple complex 
associated to the (p + 2)-tuple complex 
Hom,( Q+(M)Op @A R, , I*( 17)). 
Remark 1. It also follows from the general theory of spectral sequences 
that the differentials d?: Ey -+ Efil’ o our spectral sequence are induced f 
by the maps pPil* of (39). This remark will be useful later. 
Summing up we have proved the following theorem. 
THEOREM 1. Let A be any ring, M an (A, A)-b~~o~~~e, A x M the trivial 
extension of A by M and let (U, f) and (V, 0) be kej% A x IU-m0dule.c Let 
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Q.+.(M) be any resolution of the bimodule M, let I?, be the resolution of the 
A-module U constructed above and let I*(V) be any injective resolution of the 
A-module V. There exists a spectral sequence converging to ExtlXM(( U, f ), (V, 0)), 
whose first terms are 
Ey = Hq(Hom,(Q,(M)@” aA a, , I*(V)) (42) 
and whose Jirst diffaentials are given by Remark 1 above. 
It goes without saying that the Theorem 1 is rather useless, unless we are 
able to relate the first terms in (42) to something well-known and unless we 
are able to calculate the differentials (at least partially). In the rest of this 
section we will make the following hypothesis, which guarantees that every- 
thing goes through nicely (a second case will be treated in Section 8). 
Hypothesis I. The bimodule M has a resolution Q*(M) + M + 0, con- 
sisting of (A, A)-bimodules Q,(M) that areflat as Tight A-modules. 
For a general discussion of when Hypothesis I is verified, we refer the 
reader to Section 7. Here we just remark that when A x M is a commutative 
ring, then AM = MA so any projective resolution of the right A-module 
M can be considered as a resolution by bimodules. Thus, the hypothesis I 
is verified for the bimodule M in this case. This observation combined with 
Theorem 2, Corollary 1, below gives the result mentioned as Case 1 in 
Section 1 about the global homological dimensions of those rings that occur 
in the Nagata “principle of idealization” [ll]. 
Returning to the general case we will assume from now on in this section 
that the hypothesis I is verified. Then we can (and will) choose the Qi(M) of 
Theorem 1 so that they are right A-jut. It is then easy to see that the right 
hand side of (42) is naturally isomorphic to 
Ha(Hom,(Q,,(M)@P BA U, I*(V))) (43) 
(recall that R, is a resolution of U). 
The meaning of the functors (43) (their dependence on the choices of 
Q*(M) and I*(V)) is explained in Section 7, Proposition 3. 
THEOREM 2. Let A be a Gng and M an (A, A)-bimodule that has a resolution 
Q,(M) consisting of bimodules that are right A-jlat. Thme is a spectral sequence 
converging to Ext&&( U, f ), (V, 0)), whose first terms aye given by 
Ey = Hq(HomA(Q2*(M)@’ mA U, I*(V))), 
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I where I *( V) is azy injective resolution of V. The first ~~~~yen~ia~ 23:” 2 .E~+‘” 
of this spectral sequence is the composition of the natural maps 
In pa&dar f = 0 implies that ~2:“” = 0. 
Pmof~ Everything has been proved, except the assertion about the 
differentials. For this we tensor the diagram (37) with Q., 
associated simple complexes. We obtain a comtnutative di 
J !2*(M)Qp @A Q*P) @A -KS - [ Q*(AqQ” @A K+ Y 
-1 i 
(45) 
.i 
- Q&d) 01, 0,: $4 BA LT &!%@%%!~ f&(M)@’ @A U 
According to our construction of a,, (cf. (39) and the note following it), 
the upper horizontal morphism in (45) is exactly the first differential 
dfP,M -+ &3* of the double complex R,, . Now apply the functor 
MomA , I*(V)) to the diagram (45) and take the qth cohomology groups 
of the associated simple complexes. We then obtain a commutative diagram 
+- Hq(Hom,(Q,(M) Qp @JA il, I P”(V))) 
t (46) 
+- H~(Hom,(Q*,(M)@:p C.ZJA U, P*(V))) 
Since Q*(M) are right A-flat, the right vertical morphism of (46) is an iso- 
morphism. In the same way the upper Left group of (46) can be naturally 
identified with 
Hn(HomA(Q&WQP CBA Q&W OA u, I+(V))). 
Furthermore, the upper horizontal morphism of (46) is by definition the 
differential of the spectral sequence of Theorem 1, which, using the identi- 
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fication mentioned, becomes the spectral sequence of Theorem 2. The 
assertion about d:” in Theorem 2 now follows from the diagram (46) (using 
the identifications mentioned). 
COROLLARY 1. Let A x M be a Gng as in TheoTern 2 and let lgldim(A x M) 
be the left global dimension of A x M. The follozving conditions are equivalent: 
(i) lgldim(A x M) < n; 
(ii) W(Hom,(Q*(M)@” gA U, I*(V))) = 0 (47) 
for p + q = n + 1 and for any pair of left A-modules U and V. Here Q,(M) 
is any resolution of M by (A, A)-bimodules that are right A-flat, and I*(V) is 
any resolution of V by left A-modules that aye injective. 
Proof of Corollary 1. It follows from Lemma 1 of Section 3 that 
Igldim(A x M) < n if and only if 
ExtZ&((U, O), (V, 0)) = 0 for all U and V. (48) 
Theorem 2 now shows that if f = 0, then the differentials of the spectral 
sequence of that theorem are all 0, and, thus, the sequence degenerates. This 
fact, combined with (48) proves Corollary 1. 
Remark 1. One can even prove more precisely that for all s 3 0 we have 
a natural isomorphism 
Extkw((U, 01, (V, 0)) P u WHomA(Q,(M) @* @A u, I*(V))). 
Ptq=s 
Remark 2. In particular it follows from Corollary 1 that if 
Igldim(A x M) < n 
then lgldim A < n and 
Hi 
u 
Q*(M)@(n+l) = 0 
1 for i > 0, (49) 
which implies in particular that M@(“+l) = 0. If A x M is commutative 
then using the theory of derived categories (49) can be written 
M&M&..&M=O (n + 1 factors), 
where oL denotes the total derived functor of the tensor product functor 
over A [22-23, 71. Of course, (49) should be given a similar interpretation 
(and this is probably easy, once we have the long-awaited [24] at hand). 
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Anyway, the Remark 2 combined with Corollary 1 gives easily the foilawing 
result. 
COROLLARY 2. Let A x M be a ring as in Theorem 2. The ~~~~o~~~g 
conditions are equivalent: 
(i) Igldim(A X M) < co; 
(ii) lgldim A < co and there is an integer -V such that 
H,(Q&%yq = 0, for i > 0. 
Remark 3. The functors Hi(Q*(M)@“) have been studied by MacLanf 
[9] for N = 3 and A = Z, JDI = !Vz (and also for iv6, , Ma , Ma instead oe 
M, M, M). In the general case there are results similar to [9], in particular 
spectra! sequences relating the TorDA(M, Tor,A(M, &..., to the Hi : s, 
but we will not make them explicit here. 
In the case when M is right A-flat our Corollary i takes a very simple 
form [13]. 
COROLLARY 3. Let A be any ring, Man (A, A)-b~mod~~e that is right A-j&t. 
The following conditions aye equivalent: 
(i) Igldim(A x M) < FZ; 
(ii) Ext,*(M@p BA U,V)=OfoPp+q=?ztl. 
Remark 4. This Corollary 3 implies in particular a result of Reiten [16j 
which says that if M is right A-flat and iW@(n+l) = 0, lgldim A < t, ther, 
Igldim(A x M) < t $ n. 
Reiten has also given an example: A = (g $) (K a field) and M = (t F)“>, 
considered as an (A, A)-bimodule in the natural way, which shows that the 
condition that M is right A-flat is necessary in Remark 4. In the example 
mentioned we have lgldim A = 1, M @A M = 0, but Tor,“(M’, M) f 0 and 
Igldim(A x M) = fco. In view of Corollary 2 it is easy to explain this 
phenomenon here (it follows from the theory of Section 7 that any bimodule 
over A = ($ k) has a resolution of the type needed in Theorem 2). 
Of course it should now be easy, using the spectral sequences that are 
associated to the (p + I)-tuple complex Hom,(Q*(M)@p @)A hi, I”(V)) of 
(47), to obtain much more precise estimates for the homological dimension 
of A x M in terms of A and n/r, but we will only do this in detail in the slightly 
different situation that is treated in Section 8 (this situation wilI in particular 
cover the case of the triangular matrices, mentioned in the introduction). 
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7. WHEN Is AN (A, A)-BIMODULE M A QUOTIENT OF AN 
(A, A)-BIMODULE THAT Is RIGHT A-FLAT? 
Given an (A, A)-bimodule M’, we have just realized the importance of 
having a resolution &(M) of M by (A, A)-bimodules such that the Qi(M) 
are right A-flat. It is not always possible to find such a resolution even if A is 
commutative (a counter-example will be given below) and we are therefore 
obliged to make a closer study of the question: 
PROPOSITION 2. The following conditions on the ring A are equivalent: 
(i) Each (A, A)-b imodule M can be written as a quotient of an (A, A)- 
bimodule QO(M) that isjat as a right A-module; 
(ii) The (A, A)-bimodule A & A is jat as a yight A-module. 
Proof. Recall that the category of (A, A)-bimodules is naturally 
isomorphic to the category of left A & A”-modules (here A0 is the opposite 
ring of A and the tensor product is given the natural ring structure). Thus, 
the (A, A)-bimodule A & A is a (small) projective generator of the category 
of (A, A)-bimodules. Suppose now that each (A, A)-bimodule is a quotient 
of a right flat (A, A)-b imodule. Then, in particular, this must hold true for 
A & A, i.e., we have an exact sequence of bimodules 
Q(A &A) - A &A + 0, (50) 
where Q(A & A) is right A-flat. Since A & A is projective as an (A, A)- 
bimodule, the sequence (50) splits as a sequence of bimodules so that in 
particular A & A is right A-flat since it is a direct factor as a right A-module 
of Q(A & A) which is right A-flat by hypothesis. Thus, the implication 
(i) * (ii) is proved. Since any (A, A)-b imodule is a quotient of a sum of 
copies of A & A, we get that (ii) * ( ) i and the Proposition 2 is proved. 
Remark 1. Note that A & A is flat as a right A-module if and only if 
the functor 
is exact. This simple observation gives the following corollary. 
COROLLARY 1. (i) Suppose that A has no Z-torsion. Then A & A is both 
right and left A-jlat. 
(ii) Suppose that we have a (unitary) ring map A -% Z. Then A & A is 
right A-jlat if and only if A has no Z-torsion. 
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PYOOJ. Only (") u needs a proof. Any exact sequence of -modules gives by 
means of v an exact sequence of A-modules which, when we forget the 
-module structure and tensor over 9; by A, should go into an exact sequence. 
his last condition is equivalent to the assertion that A has no Z-torsion. 
EXAMPLE. Let A be the trivial ring extension is 
s a (Z, Z)-bimodule in the natural way. ’ have a natural ring 
jZZ -% Z, but % x Z/22 is not withou -torsion. Thus, the 
dule A $& A is not a quotient of a right A 
CORQLLARY 2. Let A be any ring with unit element 1 such that (B ~ R . I = 
in A) is a nonxeTo prime ideal pZ in Z. Then A (S& A is both right and left 
A-jlat. 
Proof. Clearly A & A = A @Z,pZ A. Thus if Iv is any right A-module 
and this last functor is clearly exact as a functor of IV, so that A Q2: A is 
left A-flat. The right case is similar. 
Combining Corollary 1 (i) with Corollary 2 we obtain the following. 
COROLLARY 3. (cf. [S, p. 5961). Let A be any (not lzecessariiy ~o~~~~a~~~~~ 
Szg without zero-divisors. Then each (A, A)-bimodule cam be z&ten as a 
quotient of an (A, A)-bimodule that is both left and right A-$at. 
~erna~k 2. The preceding theory, combined with [Z] implies Proposi- 
tion 3. 
PROPOSITION 3. For any ring A satisjj&g the co~d~t~o~s of Proposition 2, 
tlie groups 
al’e exactly the nth derived f&actors in the sense of [2] of the (~o~ba~a~ced~~ 
functor of p + 1 vaviabies 
fi &mod(A) x M od(. A) 3 ((M& ) Y] 
i=l 
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8. ON THE ExtAxM (continued). SOLUTION OF A PROBLEM OF 
CHASE AND A PROBLEM OF REITEN 
We now return to the general case of Theorem 1, Section 6, where we will 
put Q*(M) = M. We will then deduce a condition II that guarantees that 
the spectral sequence of Theorem 1 behaves in a nice way. It would be 
desirable to develop a theory that covers both the cases I (Section 6) and II 
and perhaps even the completely general case. 
Since we have takenQ,(M) = M, the R, of Section 6 coincide with K, , 
and we will take i?,, = K,, as in [13]. Now Theorem 1 reads as follows. 
THEOREM 3. There is a spectral sequence converging to 
whose jimt terms aye 
~x%d~, f), (K ON, 
Ey = F(Hom,(M@” @A K, , I”(V))). (51) 
We recall that here K, is a resolution of U by means of A-modules Kj = 
(M @A Pj) LI Pj > where the Pj : s are suitable A-projective modules. If 
Tor,A(M@p,, Kj) = 0, i > 1, j 2 0, then the group to the right in (51) can be 
given a very familiar form; it is the qth derived functor in the sense of [2] of 
the (nonbalanced!) functor of two variables Hom,(M@ @A ., -) at (U, V) 
(for r = p). 
Indeed, denote this nth derived functor by 
Rn Hom,(M@’ OA *, -) (52) 
and recall that (52) is obtained by taking a projective resolution P*(.) of . and 
an injective resolution I*(-) of - and then taking the total cohomology 
groups of the double complex Hom,(M@r @A P*(.), I*(-)). In particular it 
follows from [2, Chapter XVI] that we have two spectral sequences converging 
to (52), whose first terms are given by 
and 
Ey = ExtAg(Tor/(M@‘, .), -) (53) 
respectively. 
EF = ExtA9(., ExtA”(M@r, -)), (54) 
Here we will at first only use the spectral sequence (53) and the similar 
sequence associated to the double complex Hom,(M@r @A K, , I*(V)). Since 
P*( 77) is a projective resolution of U and K, is a resolution of U, we have a 
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natural map of resolutions P*(U) + K, over the identity map of U. Thus, 
we have a map of double complexes 
Hom,(MB’T BA K, , I*(V)) + Hom,(&P o-d P+(U), I”(V)) (55) 
which induces a map between the total cohomology groups 
Hn(Hom,(M@~ gA .K* , I*(V))) -+ Z’F(Hom,( @r @‘.f P*(U), I”(V)>) 
and between the corresponding spectral sequences (56) 
in particular between the El” terms 
(here we have used that the Ii(V) are injective). But since we have made the 
hypothesis Tor/‘(lkW, K,) = 0, i > l,j > 0, T > f , it follows that the natural 
maps 
N,(M@’ @A P*(U)) + f&(M@” @A K,) (59) 
aYe isonzovphisms (this well-known fact can be seen either directly or by taking 
a right projective resolution of APT and by considering the spectral sequences 
of the corresponding double complexes in (59)). Thus, (58) is an isomorphism, 
r.e., the maps (57) are isomorphisms for s = 2. From the general theory of 
spectral sequences, it follows that all the maps (57) are isomorphisms and, 
thus, that (56) is an isomorphism. 
Let us now analyze the condition ToriA(iWJr, Kj) = ,i31,j>Q,r>l. 
Since Ki = Pj u (M BA Pj) it follows that our condition can be written 
(Pj is projective) 
ut (P, is in particular left A-flat) 
ToriA(M@Jr, M) @A Pj 7 ToriA(IWT, M @A Pj). 
Thus, (60) is a consequence of the following hypothesis that will be made in 
the rest of this section. 
II. ToriA(BPT, M) = 0, i 3 1, Y 3 1. 
This condition is for instance verified if M is right OY left A-flat. ther 
interesting cases will be studied in the Corollaries of the following theorem. 
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THEOREM 4. Let A be a y&g and M an (A, A)-bimodule sat$ying the 
condition II above. Then there exists a spectral sequence converging to 
Ext&&( U, f), (V, 0)) whose jirst terms are given by 
Ey = R” Hom,(M@’ BA U, V). 
If p = 0, then the difj’erential Ef” + Ef’lq is the natural composition 
ExtAn( ,y, V) Ext‘44(f* V) --- Ext,‘(M aa U, V) -+ RQ Hom,(M gA U, V) 
and in case M is right jlat (in this case Rq Hom,(M@P @A U, V) = 
Ext/(M@P @A U, V)) we have a similar formula fog p > 0. 
Proof. Everything is proved, except the assertion about the differentials. 
But the case p = 0 is handled in a similar way as in Theorem 2 of Section 6 
and the case MA flat, p > 0, is a special case of the theorem just mentioned. 
One of the main drawbacks of Theorem 4 is that it does not say anything 
about the differentials dp for p > 0 in general. However, in the following 
useful special case we can obtain complete results. 
COROLLARY 1. Let A be a ring and let M be an (A, A)-bimodule such that 
Tor,A(M, M) fey i 3 0. Then condition II is verified and the spectral sequence of 
Theorem 4 degenerates into an exact sequence: 
*** -+ Ext&(( U, f), (V, 0)) --7’ EXtAt( u, v) 
2’2 Rt Hom,(M gA U, V) -+ Ext;&& ... (61) 
This follows from the general theory of spectral sequences in [2, Chapter 
151. In particular we obtain the following corollary. 
COROLLARY 2. Let A be a ying and M an (A, A)-bimodule such that 
ToriA(M, M) = Of OY i 3 0. The following conditons aye equivalent: 
(i) lgldim(A x M) < n; 
(ii) lgldim A < n and R” Hom,(M @A U, V) = 0 for all left A-modules 
U and V. 
If also 
ToriA(M, M/W) = 0, i 3 0 for all left A-submodules W of M (62) 
then the conditions (i) and (ii) are also equivalent to: 
(iii) lgldim A < n and R” Hom,(M @A A/a, V) = 0 for all left ideals a 
of A and for all left A-modules V. 
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ProoJ We know that (i) is equivalent to Exti$(( U, a), (IJ, 0)) = 0 for 
all left A-modules U and V. The exact sequence (61) shows the equivalence of 
(i) and (ii) if we just note that according to Theorem 4, d,ot = 0 whenjC = 0. 
We always have (ii) + (iii). The converse implication, under the extra 
hypothesis (62), follows from a theorem of Auslander [S] which here implies 
that lgldim(A x M) < n if and only if 
Ext:&(A x M/ 6, (V, 0)) = 0 (63) 
for all the left ideals i?i of the ring A x M. We leave to the reader to make (63) 
explicit, using (62). 
Let us now first show that Corollary 2 implies and generalizes a result of 
Reiten [16]. As we have seen (cf. (53) and (54) for Y = I) we have two 
associativity spectral sequences converging to P Hom,(M ~3~ U, V), whose 
first terms are given by 
and 
I?? = ExtAB( U, Ext,‘(M, V)). (54)’ 
Using these spectral sequences and Corollary 2, we easily obtain the following 
estimates for lgldim(4 x M). 
COROLLARY 3. Notations ad hypotheses as i~ C’od!ary 2. 
(i) max(lgldim A, whd MA + I, hd, M + I) < Lgldim(A x M); 
(ii) 1gldimfA x M) < max(lgldim A, (q + hd, Tor,+‘UF -) + I),,,) 
(with equality if M is right A-jut). Here we can replace “-” by the A/CI (a a 
left ideal of A) ij” the extra hypothesis (62) in Corollary 2 is ver$ied; 
(iii) lgldim(A x M) < max(lgldim A, (p + injdA Ext,p(M, -) + !>,&i 
(witlz equality ;f M is left A-projective). 
Remark 1. In this Corollary 3, whd is the weak homological dimension 
(flat resolutions), hd is the projective dimension (projective resolutions) and 
injd is the injective dimension (injective resolutions). We also put hd 0 = - ~(3 
(and similarly for the other dimensions). 
Proof of Corollary 3. We use Corollary 2. The inequality (i) follows 
easily from Coroilary 2; we only have to note first that if hi is projective 
(e.g. U = A), then P Hom,(M BA U, V) = Ext,“(M BA U, V), which is 
zero for all V (U = A) ‘f I and only if hd, M < n - 1. @In the other band, if 
V is injective, then 
A? Hom,A(M BA U, V) = EIom,(Tor,A(M, U), I/), 
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which is zero for all injective V and all U if and only if Tor,A(M, U) =0, i.e., 
whd n/r < n - 1. Thus, (i) is proved. We now prove (ii). Suppose that the 
right member of (ii) is finite =k. Then for p + q 3 k we have 
p > hd, Tor,A(M, -), and, thus, E, Bq = ExtAp(TorgA(M, -), V) = 0. It 
follows that the first terms of the spectral sequence (53)’ are zero for 
p + q > k, and it follows from the theory of spectral sequences that 
RL Hom,(M aA -, V) = 0 t 00, for all V and now (ii) follows (the special 
remark about (62) is now evident) from Corollary 2 (ii) and (iii). The proof of 
the assertion (iii) of Corollary 3 proceeds in the same way (we use the spectral 
sequence with first term (54)‘) and the discussion of the equality cases in (ii) 
and (iii) is now easy. Thus, Corollary 3 is proved. We can now weaken the 
results (ii) and (iii) of Corollary 3 so that they look more like (i). It is clear 
that 
rnxx;{q + hd, TorgA(M, -) + l} < whd MA + lgldim A + 1 (64) / 
and that 
rn$;{p + injd, Extd(M, -) + l} < hd, M + lgl dim A + 1. (65) 
/ 
The inequality (65), combined with Corollary 3 (i), (iii) is exactly Theorem 
1.3.1 of [16]. The inequality (64), combined with Corollary 3 (ii) solves the 
analog of a problem that Reiten (lot. cit. 2.2.6) stated in the more special 
case of triangular matrix rings that will be studied below. 
We summarize these results in the following corollary 
COROLLARY 4. Let A be a ring and let M be an (A, A)-bimodule such that 
ToriA(M, M) = 0 fey i > 0. Then lgldim(A x M) can be estimated as follows 
fog M # 0: 
max(lgldim A, max(whd MA , hd, M) + 1) 
< lgldim(A x M) < 1gldimA + min(whd MA , hd,M) + 1. 
(66) 
The case M = 0 is trivial, and it can be included in (66) a7 we change OUY earlier 
convention to hd0 = -1, whd0 = -1. 
We will now solve the problem of Chase mentioned in the introduction. 
Let R and S be rings, M an (R, S)-b imodule and consider the generalized 
triangular matrix ring (,” F). The study of this ring can be reduced to the 
theory of trivial extensions: Let A be the product ring R x 5’ and consider 
the (R, S)-bimodule M as an (A, A)-b imodule in the natural way: (r, s) . m = 
rm and m . (r, s) = ms. Then (,” F) is exactly the trivial extension A x M. 
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Furthermore it is clear that M aA M = 0. In order to calculate the 
Tor/(M, M)for i > 0 and even the Tor,A(M, M/W)(cf. Corollary 2, (62)) we 
just make the easy observation that Tor/(& L’) = 0 for i 3 0, for any right 
S-module L, considered as a right A-module as above and for any left 
R-module L’, considered as a left A-module as above. Indeed, take a left 
R-projective resolution P,(L’) of L’ and consider it as a left A-module 
resolution. Then the P,(L’) are left A-projective and L &)A P,(L’) = 0. Thus 
the homology groups, i.e., the Tor are 0. It fol!ows that we can apply the 
complete Corollary 2 of Theorem 4. We formulate this result as a theorem 
(this theorem solves the problem of Chase, mentioned in the introduction). 
THEOREM 5. Let R and S be Angs and let M be an (pip Sj-bimodule. The 
followirtg conditions on the generalized triangular matrix ring A = (,” F) are 
equivalent: 
(i) igldim A < n; 
(ii) lgldim R < n, lgldim S < n, R” Hom,(M OS ., -) = 
(iii) lgldim R < n, lgldim S < n, RR Hom,(M OS S/I, -) = O,fer al,B 
left ideals I of S. 
Remark I _ Here, of course, Rt Hom,(M as -, -) are the derived functors 
of the (nonbalanced) bifunctor Horn&M OS ., -). 
Remark 2. If S is a semi-simple ring, then the third condition of (iii) can 
be written hd, M < n - 1, and the Theorem 5 reduces to the result of 
Chase [3]. More generally, if S is semi-perfect, it is sufficient to require the 
third condition of (iii) for those left ideals I that are contained in the Jacobson 
radical of S. This follows from [I, Lemma 2.41. 
Remark 3. We leave to the reader to state and prove the analog of the 
Corollary 3 of Theorem 4 in the present triangular situation. The analog of 
Corollary 4, foe. cit., now reads as follows. 
max(lgldim I?, lgldim S, max(whd, M , hd, l%r) + 1) 
< lgldim A < max(lgtdim R, lgldim S, min(lgldim R 
+ whd MS , lgldim S f hd, IW) f I). 
This result generalizes those of Fields [5!, Fossum, Griffith, and Reiten [6j> 
and Reiten [ 161. 
Remark 4. It is, of course, highly desirable to obtain corresponding 
results about more general matrix rings (cf. Section 10 below). 
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9. ON THE ToR~X~ AND THE WEAK GLOBAL HOMOLOGICAL DIMENSION 
The theory about TorAxM . is quite analogous to that of Ext,,, , and, there- 
fore, we will be very brief here. We note that a right A x M-module is 
given by a pair (g, I’), consisting of a right A-module V and a homomorphism 
of right A-modules V @A M -% Y such that g(g @A IdM) = 0. Let (U, f) be 
a left A x M-module and consider a projective resolution (K, , f.+) of (U, f) 
as in Section 5. According to the “adjoint” of Lemma 2 of Section 4 we have 
a natural isomorphism 
and we also have a lemma, corresponding to Lemma 3 in Section 5 that we 
do not bother to write out. In particular if g = 0, we obtain an isomorphism 
of complexes (the differential to the left is induced by that of P,): 
so that 
vo.4p* - (0, VI 624x84 w* ,f*) 
4(V OA Pd 3 TorfXM((O, VI, (u, 19, 
and the study of the Tor to the right is completely sufficient for determining 
the weak homological dimension of (U, f). Now let Q,(V) + V--f 0 be any 
projective (fEat is sufficient) resolution of V by right A-modules. We clearly 
have a natural isomorphism I&(Q*(V) On P*) 3” &(V gA P*). We now 
consider the double complex &?.+* of Section 6 and it follows that 
K(QdV) @A ~~~) r; TorfXM((O, V>, (u, f)). 
The spectral sequence of the triple complex Q,(V) BA R,, is now studied 
in much the same way as in Sections 6 and 8. For instance, the result cor- 
responding to Theorem 2 reads as follows. 
THEOREM 6. Let A be a ring and M an (A, A)-bimodule that has a resolution 
Q,(M) of (A, A)-bimodules that are right A-flat. There is a spectral sequence 
converging to Tor,AXM((O, V), (U, f )), whoseJirst terms are 
E:, = WQdV) @A Q,(M)09 O/, V. 
The diSfeerentials dip are related to f as in Theorem 2. 
COROLLARY 1. Let A x M be a ying as in Theorem 6, and let 
wgldim(A x M) be the weak global dimension of A x M. The following 
conditions are equivalent: 
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(i) wgldim(A x M) < n; 
In particular, we have the following corollary. 
COROLLARY 2. Let A be any Cng and M an (A, A)-bimodtile that is right 
A-flat. The following conditions are equivalent: 
(i) wgldim(A x M) < n; 
(ii) Tor,(V @A M@p, U) = 0 fey p + q = 7a -+- 1, for afiy rkht 
A-module V and for any left A-module U. 
1% particular (i) implies that &Pn+l) = 0. 
Te also have a result corresponding to Theorem 4 of Section 8, which gives 
the f&owing theorem, that is analogous to Corollary 2 of the Theorem 4 just 
mentioned (we denote by L,(. QA M @A -) the nth left derived functor of 
of the nonbalanced functor of two variables . Ok I!! oil -): 
THEQREM 7. Let A be a Cng alzd M an (A, A)-~rnod~~e such that 
or/j&I, 24) = 0 for i 2 0. The following conditions aye equivalent: 
(i) wgldim(A x M) < lz; 
(ii) wgldim A < n and L,( V gA M Ok U) = 0 for all left A-modules 
U and right A-modules V. 
(iii) wgldim A < n and L,(A/a aa M @,,, A/b) = C for all right ideals 
a of A and 2& ideals b of A. 
Using the spectral sequences with first terms Tor/(T~r,~(A/a, AI), A%) 
and TorDA(A/a, TorQA(M, A/b)) that converge to L,(A/a @A M @A A/5), we 
obtain the results analogous to Corollaries 3 and 4 of Theorem 4. e only 
state the analog of Corollary 4. 
f&KHLARY 1. Let A be a rzkg and let M be an (A; A)-b~rno~~le such that 
ToriA(M, M) = 0, i > 0. Then wgldim(A x M) can be estimated as folloz~s: 
max(wgldim A, max(whd MA , whd, M) + I) 
< wgldim(A x M) < wgldim A + min(whd IMA , whd, n/r) + 1. (67) 
Remark 1. Kate that the upper and lower bounds of (67) are left-right 
symmetric (as they should be). 
Remark 2. Theorem 7 specializes to a theorem on the weak global 
dimension of a generalized triangular matrix ring. We leave this to the reader. 
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10. FINAL REMARKS 
Although the theory just developed has interesting applications to classical 
ring theory (cf., e.g., the solution of the Chase problem in Theorem 5), the 
main interest of the senior author in these questions comes from the possibility 
of applying the theory to a more precise study of extensions of Grothendieck 
categories [17-191. We will try to sketch the relations with lot. cit. here, 
mainly because this categorical interpretation suggests new purely ring- 
theoretical problems. We refer the reader to [17] and the literature cited 
therein for the terminology used here. 
Consider an exact sequence of Grothendieck categories 
(we say that C is an extension of the Grothendieck category & by 0). We say 
that (68) is stable if the injective envelope in C of an object in D lies in 0. 
This stable situation occurs frequently “in practice” [17]. Suppose also for 
simplicity that the categories in question are locally noetherian (the most 
general case is treated in [19], which is inspired by [12]). Then, using the 
notations and results of [ 171, we have equivalences of categories Q % TC(A,J”, 
& % TC(A,)O and C r; X’($ $O, where A,, A, and ($ y) are rings with 
a certain left linear topology (M is a left linear topological (A: , A,)-bimodule 
which contains all the information about how C is built up from D and E). 
The rings A, ,... are topologically coherent, topologically coperfect and 
complete, and TC(A,)O, . . . denotes the dual category of the category of left 
linearly topologized A,-modules that are topologically coherent and complete. 
Thus, Co is described by certain modules over the ring (,“(I 2). Suppose for 
simplicity that all the categories C, 0, and 8 have a big noetherian injective 
[17]. Then the topologies on the rings A, , A, ,... are discrete, and it is not 
difficult to see that the global homological dimension of the Grothendieck 
category I) 3 TC(A,)O [defined by means of the vanishing of Extoi(+, -)] 
coincides with the ordinary global dimension of the ring A, (this ring A, is a 
semiprimary ring [IS]; hence, the left (right) global homological dimensions 
of A, coincide with the weak global dimension of A,). We have similar results 
for C and E. Thus, Theorem 5 enables us to describe in the stable, discrete 
case of (68) the global dimension of C by means of M and the corresponding 
dimensions of Q and a. There should certainly be corresponding results for 
general extensions (68) of Grothendieck categories. This leads us to the 
following problem. 
PROBLEM 1. Develop the linearly topologized version of Sections l-9 and 
apply it to the study of (68) in the stable case. More precisely, how are the 
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Ext, described in terms of corresponding Ext over JJ and JJ and M (this 
bimodule can be reconstructed from the natural functors relating g‘, Q). 
Of course, (68) should also be studied in the nonstabie case [17-191. This 
leads to algebraic problems of a sort that we only study in the discrete case 
here (cf. lot. cit.). 
PROBLEM 2. Let R and S be rings and let M be an (R, Sj-bimodule and 
N an (S, R)-bimodule. Suppose furthermore that we are given an (R, R)- 
linear map AI OS N -% R and an (S, S)-linear map N ge M 5 S such that 
p(m, a) m’ = m~(n, ml) and fCl(n, m) n’ = m&m, n’). Let (5 f)F,G be the ring 
whose elements are the quadruples (L y) [Y E R, s E S, m E M, R E N], where 
the addition is defined in the natural way and where the multiplication is 
Determine how the homological properties of the ring ($ g’)I)o,$ are related to 
those of R, S, M, N, F, and #. 
Rem&z 1. The special case N = 0 or M = is of course included in the 
theory of Sections 1-9. But also the case M and N arbitrary and 7 = 0, 
#I = 0 can be so included. Indeed, put A = R x S, and consider i@ = 
111 x N as an (A, A)-bimodule in the natural fashion. Then we have a ring 
isomorphism A x l@ r (5 p)O,O and in the case I of Section 6 or in case II 
of Section 8 we obtain complete results. But the homological dimension of 
A x A!! may rather unexpectedly turn out to be infinite. This is for instance 
the case for (g g)O,O , K a field (cf. also [16]). 
RemarK 2. Only the case when Im y C rad,(R), Im Ji C ‘ad,(S), where 
rad, denotes the Jacobson radical is actually of interest for the study of 
extensions of Grothendieck categories [ 13, 191. 
Remark 3. As also Reiten has remarked [16] the rings in Problem 2 are 
special cases of the rings A x M where lV is an (A, A)-bimodule and where 
A4/rOA Ml A is an (A, A)-linear map such that @(wz? nz’) m” = m?@jm’, m“) 
and where A x M denotes the set of all pairs (a, ~2) [a 5 A, m E M] with the 
natural addition and with the multiplication defined by 
(a, m) ’(a’, m’) = (au’ + qm, m’), am’ + ma’), 
When @ = 0 we get back the old trivial extensions. It is tempting to try to 
develop the theory of Section 3 in this situation. It is not di%cult to see that 
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to give a left A x M-module is the same as to give a left A-module U and 
a homomorphism of left A-modules M @A lJL U such that the diagram 
is commutative. Thus, if @ # 0, then the (MjU), of Section 3 is not a complex, 
but perhaps the procedure leading up to (8) has a meaning here and can be 
used for the study of the Ext ? 
Finally we mention a problem that is related to these questions [IS]. 
PROBLEM 3. Let R be a (non-commutative) ring that is an extension of a 
ring A by an (A, A)-b’ lmodule M. Determine the global homological dimen- 
sion of R in terms of the corresponding element 4 E D1(A, M) El.51 and the 
homological invariants of A and M. 
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